POISSON SMOOTH STRUCTURES ON STRATIFIED 
SYMPLECTIC SPACES 



HONG VAN LE, PETR SOMBERG AND JIRI VANZURA 

Abstract. In this note we introduce the notion of a smooth structure 
on a stratified space and the notion of a Poisson smooth structure on a 
stratified symplectic space. We show that these smooth spaces possess 
several important properties, e.g. the existence of smooth partitions of 
unity. Furthermore, under a mild condition many properties of a sym- 
plectic manifold can be extended to a symplectic stratified space pro- 
vided with a smooth Poisson structure, e.g. the existence and uniqueness 
of a Hamiltonian flow, the isomorphism between the Brylinski-Poisson 
homology and the de Rham homology, the existence of a Leftschetz de- 
composition on a symplectic stratified space. We give many examples 
of stratified symplectic spaces satisfying these properties. 
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1. Introduction 

Many classical problems on various classes of topological spaces reduce to 
the quest for its appropriate functional structure. Examples of topological 
spaces we are interested in comprise stratified spaces equipped with an addi- 
tional structure of geometrical origin. Due to the lack of canonical notion of 
the sheaf of smooth (or analytic) functions on such spaces one has to define 
a smooth structure with all derived smooth (or analytical) notions such that 
the obtained smooth structure satisfies good formal properties. 
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In this note we continue the study of smooth structures on stratified 
spaces along the lines of ideas developed in [TT]. One of our leading ideas is 
that a smooth structure on a stratified space X is defined by its behaviour 
on the regular strata of X, see Remark 12. 121 and Remark 12.231 A large part 
of our note concerns with compatible smooth structures on singular spaces 
equipped with a stratified symplectic form. Singular spaces equipped with 
a stratified symplectic form are subjects of intensive study in symplectic 
geometry since nineties, see e.g. [19], [4], also [I], [7], where the authors 
considered complex manifolds M^ n with a holomorphic symplectic form uj 2 , 
which can be turned into a symplectic form uj 2 on differentiable manifolds 
Mj^ 1 of real dimension 4ra by setting uj 2 := Re (to 2 ) + Ira (uj 2 ). Till now we 
have found no systematic work on smooth structures on these spaces except 
for symplectic orbifolds. 

The structure of this note is as follows. In section 2 we introduce the 
notion of a smooth structure on a stratified space, see Definition 12.51 We 
prove that a smooth stratified space possesses several important properties, 
e.g. the existence of smooth partitions of unity, see Lemma f2.111 Proposition 
12.171 and Corollary 12.181 which will be needed in later sections, see Remark 
14.31 Remark 15.51 In section 3 we refine our notion of a smooth structure 
for a class of stratified spaces whose strata are symplectic manifolds, see 
Definition 13.21 In sections 3, 4 and 5 we show that stratified symplectic 
spaces (X, uj) equipped with a Poisson smooth structure which is compatible 
with uj possess a variety of basic properties of smooth symplectic manifolds, 
e.g. the existence and uniqueness of a Hamiltonian flow, the isomorphism 
between the Brylinski-Poisson homology and the de Rham homology, and 
the existence of a Leftschetz decomposition, see Theorem l3.101 Theorem [421 
Proposition 15.21 Theorem 15. 41 We also show many examples of these spaces, 
see Example 13.41 Example 13.71 



2. Stratified spaces and their smooth structures 

In this section we introduce the notion of a stratified space following 
Goresky's and MacPherson's concept f9j p. 36], see also [I9j §1]. We intro- 
duce the notion of a smooth structure on a stratified space, see Definition 
12.51 Our concept of a smooth structure on a stratified space is a natural 
extension of our concept of a smooth structure on a pseudomanifold with 
isolated conical singularities given in [TTJ §2], see Remark 12.121 We prove 
several important properties of a smooth structure on a stratified space, e.g. 
the existence of smooth partitions of unity and its consequences, see Lemma 
12.111 Proposition 12.171 Corollary 12.181 the existence of a locally smoothly 
contractible, resolvable smooth structure on pseudomanifolds with edges, 



POISSON SMOOTH STRUCTURES ON STRATIFIED SYMPLECTIC SPACES 3 



see Lemma 12.201 We show that a resolvable smooth structure satisfying a 
mild condition is not finitely generated, see Proposition 12,241 

Definition 2.1. ([9, p. 36], pH Definition 1.1]) Let X be a Hausdorff and 
paracompact topological space of finite dimension and let S be a partially 
ordered set with ordering denoted by <. An S -decomposition of X is a 
locally finite collection of disjoint locally closed manifolds S% C X (one for 
each i € S) called strata such that 



We define the depth of a stratum S as follows 

depthx S := sup{n| there exist strata S = So < Si < • • • < S n }. 

We define the depth of X to be the number depth X := supj g5 depth S{. 
The dimension of X is defined to be the maximal dimension of its strata. 

Remark 2.2. Given a space L a cone cL over L is the topological space 
Lx [0, oo)/Lx {0}. The image of Lx {0} is the singular point of cone cL. Let 
[z, t] denote the image of (z, t) in cL under the projection ir : Lx [0, oo) — > cL. 
Let p c L ■ cL — > [0, oo) be defined by Pcl([z, i\) := t. We call p c L the defining 
function of the cone. For any e > we denote by cL{e) the open subset 
{[z,t] € cL\\ t < e}. If L has a 5-decomposition with depth n the cone cL 
has an induced decomposition with depth (n + 1) [El p. 379]. For the sake 
of simplicity we also denote by p c L the restriction of p c i to any subset of 
cL, if no misunderstanding occurs. 

Definition 2.3. 1. (cf. [8], [191 Definition 1.7]) A decomposed space X 
is called a stratified space if the strata of X satisfy the following condition 
defined recursively. Given a point x in a stratum S 1 there exist an open 
neighborhood U(x) of x in X, an open ball B x around x in S, a compact 
stratified space -L, called the link of x, and o stratified diffeomorphism (f> x : 
?7(x) — > B x x cL(l), see below for the notion of a stratified diffeomorphism. 

2. A homeomorphism (j) : X — > Y from a stratified space X to a stratified 
space Y is called a stratified diffeomorphism, if maps a stratum of X onto 
a stratum of Y and the restriction of <f> to each stratum is a diffeomorphism 
on its image. 

3. Let X be a stratified space. A stratum S is called regular, if S" is open. 
Denote by X reg the union of all regular strata. Then X reg is an open subset 
of X and X = X re 3 . A point x € X reg is called a regular point. Set 
X sm u ~ X\X reg . A point x G X sm9 is called a singular point. In this note 
we always assume for simplicity that X Teg is connected. 

Example 2.4. 1. A connected stratified space X of depth 1 is a disjoint 
union of a regular stratum X reg and a countable number of strata Si such 



1) X = U^Sf, 
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that Si fl Sj = if i ^ j, and Si C X re 9. Among important examples of 
stratified spaces of depth 1 are pseudomanifolds with edges, see e.g. [18] . 
Let us recall the definition of a pseudomanifold with edges. Suppose that M 
is a compact smooth manifold with boundary dM, and suppose that dM is 
the total space of a smooth locally trivial bundle ir : dM — > N over a closed 
smooth base N whose fiber is a closed smooth manifold. The topological 
space X obtained by gluing M with N with help of ir (i.e. the points in 
each fiber n~ 1 (s) are identified with s £ N) is called a pseudomanifold with 
edges corresponding to the pair (M, n). The natural surjective map M — > X 
which is the identity on M \ dM is denoted by 7f . In general N need not 
be connected, and the connected components of N are called edges of X. 
Clearly X = (X \ N) U N is a decomposed space, moreover X \ iV is an 
open connected stratum of X. Now we show that N satisfies the condition 
1 in Definition 12.31 For s € N let L be the fiber tt~ 1 (s) € dM and B be an 
open neig hborhood of s in N such that 7r _1 (B) = Bx 7t -1 (s). Let 7r -1 (iV) e 
be a collar neighborhood of the boundary component ir~ 1 (N) C <9M in M 
provided with a trivialization (p,t) : 7r _1 (./V) e — > tt~ 1 (N) x [0, e), where p is 
a smooth retraction 7r -1 (iV) e — > ir~ 1 (N). Clearly U(s) := vf(p _1 o 7r _1 (i3)) 
is a neighborhood of s and we define a trivialization <fi s : U(s) B x cL(l) 
by = (-7T o p(x), [t,p(x)]). Hence X is a stratified space of depth 1. 

A pseudomanifold X with edges is called a pseudomanifold with isolated 
conical singularities, if its edges Xi are points of X. 

2. If L is a compact stratified space, then the cone cL is also a stratified 
space. 

3. If L\ and L2 are stratified spaces, then L\ x L2 is a stratified space. 
In particular, a product of cones cL\ x CL2 = c(L\ x L2 x [0,1]) has the 
following decomposition: c(L\ xL 2 x [0, 1]) = {pi}ULi x (0, 1)UL 2 x (0, 1)U 
LixL 2 x(0,l). 

4. We generalize the construction of a pseudomanifold with edges as fol- 
lows. Let X be a stratified space of depth k. Let N be a proper submanifold 
of a stratum 5" of depth k in X. Suppose that ir : N — >• i? is a smooth fi- 
bration over a smooth submanifold -B whose fiber L is compact. Then we 
claim that the space Y := (X \ N) L) n B is a stratified space of depth k + 1. 
The natural surjective map X — >• Y which is the identity on X \ N is de- 
noted by 7f. Clearly Y is a decomposed space, since the stratum S C X 
is replaced by two new strata S \ N and i?, and we can check easy that 
S \ N and B also satisfy the frontier condition (2) in Definition 12.11 Now 
we show that any point x € B possesses a neighborhood as in Definition 
12.31 Let B be an open neighborhood of x in B such that B is diffeomor- 
phic to an open ball and 7r -1 (£>) = B x L C N. Choose a Riemannian 
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metric on S. Let T- l tt~ 1 (B) be the normal bundle of ir~ l (B) in S. De- 
note by T^ £ " > 'K~ l {B) the set of all normal vectors in T^7r _1 (5) with length 
less than e. Let y G 7r _1 (x). For sufficiently small e the exponential map 
exp : T- L ^ e \ir~ 1 (B)) — > S is an injective map. Let k be the codimension of 
N in S. Clearly Us(x) := tt expT^^ir' 1 (B)) is a neighborhood of x in 
(S\N)UB which is stratified diffeomorphic to B x x cL(l), where L is a S k ^ 1 - 
fibration over L. By assumption, any point y G S is stratified diffeomorphic 
to a product i? y x cL(l)', where .B^ C S. It follows that a neighborhood 
U(x) of x has the form B x x cL(l) x cL(l)' = B x x c(L(l) x L(l)' x [0, 1]). 
Thus Y is a stratified space of depth k + 1. 

Now let us introduce the notion of a smooth structure on a stratified 
space, which is a natural extension of our notion of a smooth structure on a 
pseudomanifold with isolated conical singularities (pseudomanifold w.i.c.s.) 
in [TI]- 

We denote by C°°(X re9 ) (resp. C^ c (X re9 )) the space of smooth functions 
on X reg (resp. the space of smooth functions with compact support in 
X reg ). In the same way C^°(S') denotes the space of smooth functions with 
compact support in S. 

Note that any function / € CQ°(X re9 ) has a unique extension to a contin- 
uous function, denoted by j*/, on X by setting j*f(x) := if x £ X \ X reg . 
The image j*(C^{X re 9)) is a sub-algebra of C°(X). 

As the notion of a stratified space X is defined inductively on the depth 
of X, the notion of a smooth structure on X is also defined inductively on 
the depth on X. Since X is locally modeled as a product B x cL(l) we 
need first to define the notion of a smooth structure on the product B x cL 
inductively on the depth of L. For the sake of convenience we recall the 
definition of a smooth structure on a pseudomanifold w.i.c.s. introduced in 

EH]. 

Definition 2.5. Definition 2.3] A smooth structure on a pseudoman- 
ifold w.i.c.s. M is a choice of a subalgebra C°°(M) of the algebra C°(M) 
of all real-valued continuous functions on M satisfying the following three 
properties. 

1. C°°(M) is a germ-defined C°°-ring, i.e. it is the C°°-ring of all sections 
of a sheaf SC°°(M) of continuous real- valued functions (for each open set 
U C X there is a collection C°°(U) of continuous real- valued functions on 
U such that the rule U i— > C°°{U) defines the sheaf SC°°(M), moreover, for 
any n if f u ■ ■ ■ f n G C°°(C/) and <? G C°°(R n ), then ff (/x, •••,/„) G C°°(?7) 

[13 §!])■ 

2. (7°°(M)| Mre9 c C°°(M re s). 

3. j*{C$°{M re 9)) c C°°(M). 
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Remark 2.6. In [11] we showed that C°°(M) is partially invertible in the 
following sense. If / € C°°(M) is nowhere vanishing, then l/f € C°°(M). 
This argument will be used frequently so we repeat it here. The partial 
invertibility property in Definition 12.51 is in fact a consequence of the first 
property. It suffices to show that locally l/f is a smooth function. Since 
/ 7^ 0, shrinking a neighborhood U of a; if necessary, we can assume that 
there is an open interval (— e,e) which has no intersection with f(U). Now 
there exists a smooth function ip : R — > R such that 

a ) ^\(U) = Id, 

b) (— e/2, e/2) does not intersect with ^(R). 

Clearly G : R — >• R defined by = is a smooth function. Note 

that 1/ f(y) = G(f(y)) for any y £ U. This completes the proof of our claim. 

Now we will introduce the notion of a product smooth structure on a 
product B x cL(l), where B is a ball in R™. 

Definition 2.7. (cf. [17, §3]) Assume that L is a compact manifold and -B is 
an open ball in R fc and C°°(cL(l)) is a smooth structure on pseudomanifold 
w.i.c.s. cL(l). A product smooth structure C°°(X) on a stratified space X := 
-B x cL(l) is the germ-defined C°°-ring whose sheaf SC°°(X) is generated 
by n*(SC°°(B)) and 7r£(SC°°(cL(l))), where tti and vr 2 is the projection 
from X to B and cL(l) respectively. 

Lemma 2.8. A product smooth structure C°°{B x cL(l)) on the stratified 
space X = B x cL(l) = Bx(Lx(0,l))U8x {[L, 0]} o/ depi/t J satisfies 
the following properties: 

1. C°°(X) ls C C°°(S) for each stratum S C X. 

2. j*(C%°{X re 9)) c C°°{X). 

3. C°°(X) is partially invertible in the following sense. If f € C°°{X) is 
nowhere vanishing, then 1// € C°°(X). 

Proof. The first property for X reg holds, since C°°(X) is a germ-defined Co- 
ring. This condition also holds for S = Bx{[L,0]} since any smooth function 
on X locally is written as •••/„, hi, ■■■ h k ) where G G C°°(R n+k ), 

fi € C°°(B), hi G C°°(cL(l)). Restricted to S 1 functions /ij take constant 
value in R, hence G(f\, • • • , / n , h\, - ■ ■ , ^tfe)|5 is a smooth function on some 
open subset in S. 

The second property follows from the first property taking into account 
that C°°(X) is a germ-defined C°°-ring. The last property follows from 
Remark 12.61 This completes the proof of Lemma 12.81 □ 

Definition 2.9. Assume that a stratified space L of depth A; — 1 is equipped 
with a smooth structure. Let X := cL(l). Denote by C°°(X re9 ) the product 
smooth structure on X reg = L X (0, 1). Then a smooth structure on X is a 
germ-defined C°°-ring satisfying the following two properties 
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1. C°°(X) lXreg C C°°{X re 9). 

2. j*(C^(X re 9)) c C°°(X). 

Now we are able to introduce the notion of a smooth structure on a 
stratified space X of depth k recursively on k. 

Definition 2.10. (cf. Definition 2.3]) A smooth structure on a stratified 
space X of depth k is a choice of a M-subalgebra C°°(X) of the algebra C°(X) 
which is a germ-defined C°°-ring satisfying the following properties. 

1. j*(C °°(X re f)) c C°°(X). 

2. For any x € X there is a local trivialization <f) x : — > B x x 
cL(l) which is a local diffeomorphism of stratified spaces, i.e. C°°(U) = 
0*(C°°(-B x ^(1))^ where C°°(B x cL(l)) is a product smooth structure. 

Lemma 2.11. Any smooth structure on a stratified space X satisfies the 
following properties. 

1. C°°{X)\ S C C°°(S) for each stratum S of X. 

2. C°°(X) is partially invertible in the following sense. If f € C°°(X) is 
nowhere vanishing, then 1/fS C°°(X). 

Proof. Since C°°(X) is germ-defined, it suffices to prove the assertion 1 in 
Lemma 12.111 locally. Since <f> x is a local diffeomorphism, it suffices to prove 
the assertion 1 on the local model BxcL(l) provided with a product smooth 
structure. Equivalently we need to show that the inclusion i : B x {[L,0]} — > 
B x cL(l) is a smooth map. Repeating the argument in the proof of Lemma 
12.81 we obtain the smoothness of the inclusion i easily. 

The second assertion of Lemma 12.111 can be proved using the argument 
in Remark 12.61 This completes the proof of Lemma 12.111 □ 

Remark 2.12. 1. Denote by i the canonical inclusion X reg — > X. Then 
i*(C°°(X)) is the restriction of smooth functions from X to X re9 . Since 
X = X^9, the kernel of i* : -> C°(X re 3) is zero. The property 

1 in Lemma EH] implies that i*(C°°(X)) is a subalgebra of C°°{X re 9) c 
C°(X reg ). Roughly speaking, we can regard C°°{X) as a subalgebra of 
C°°{X re 9). 

2. The first condition in Definition 12.101 savs that j*(Co°(X reg )) is a sub- 
algebra of C C°(X). Since ker j m = 0, we can also regard C^{X reg ) 
as a subalgebra of C°°(X). The second condition in Definition l2.10l says that 
locally our smooth structure is equivalent to a product smooth structure of 
a product of a ball and a cone. 

3. In the case of pseudomanifold with isolated conical singularities the 
second condition in Definition 12.101 is always satisfied, since we can define 
a smooth structure on cL(l) with a help of <j) x , which is a local stratified 
diffeomorphism by assumption. 
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4. Our definition of a smooth structure on a stratified space stands be- 
tween the definition due to Sjammar and Lerman [19j . which requires a 
smooth structure to satisfy only the property 1 in Lemma [2.111 and the def- 
inition due to Pflaum [21] , which requires a smooth structure to be obtained 
by gluing smooth structures on singular charts obtained from the standard 
smooth structure on M n using some embedding of the singular chart to a 
vector space W 1 , in particular Pflaum needs the notion of smooth transition 
functions as in the definition of a smooth manifold. 

Definition 2.13. A continuous map / between smooth stratified spaces 
(X, C°°(X)) and (Y, C°°(Y)) is called a smooth map, if /*(C°°(Y)) C C°°(X). 

The following Lemma 12.141 is an important step in our proof of the exis- 
tence of a partition of unity on a stratified space provided with a smooth 
structure. It is a generalization of |111 Lemma 2.8]. 

Lemma 2.14. Let xq G X and let U £ {xq) be an e -neighborhood of xq. Then 
there exists a function f G C co {X) such that 

(1) < / < 1 on X; 

(2) f(x ) = 1; 

(3) / = outside U £ {xq). 

Proof. By definition we have Let us fix a compact stratified space L and a 
stratified diffeomorphism (p Xo : U £ (xq) — > B{e) x cL(e). Let U £ (x) denote 
the open set (f)~ 1 [{B(e) \ {0}) x(Lx (0,e))] C U £ (x). We will construct the 
required function / E C°°(X) in several steps, using the decomposition 

X = (X\ U £ {x)) U U £ {x) U ^({0} x cL{e)) U <p-\B{e) x [L, 0]). 

In the first step we define an auxiliary smooth non-negative function \ G 
Cq°((0,£)) satisfying the following conditions 

1 12 

X(a) = for a £ (0, -e], < xO) < 1 for a € (-£, -e), 
5 5 5 

2 3 3 4 

X(a) = 1 for a E [-£, -e], < x(a) < 1 for a G (-e, -e), 
5 5 5 5 

4 

X(a) = for a G [-e,e). 
In the second step we define a continuous function xx £ C°(X) by setting: 
(2-1) Xx(y) ■= X ° ( PB ^ PcL ) o ^(y) for y G f7 £ (x), 

(2.2) Xx (y) := for y G X^ \ 4>-\{B(e) x cL(e))]. 

(2.3) X x(y) ■= x o (?f) o My) if ^(y) e {0} x cL( e ), 
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(2.4) X x(y) ■= My) if My) e (s(e) \ {o}) x [l, o], 

(2.5) xx(x) := 0. 

We note that if y G U £ (x), then in a small neighborhood of y in U £ (x), the 
function is the restriction of a smooth function in C°°(X), since both 
functions ps and /? c l are smooth functions on (2?(e)\{0}) x (Lx (0, e)) and 4> x 
is a local diffeomorphism. In the same way we check that in a neighborhood 
of a point y, where y is a point defined in one of the cases (12. 2ft . (12. 3j) . (12, 4ft . 
(12. 5p . the function \x is the restriction of a smooth function on X, using 
the construction of % an d properties 1, 2 in Definition 12.101 Since C°°(X) 
is germ-determined, \x £ C°°{X). 

In the third step we define a new function t/> € C°(X). We set 

My) := 1 for y G X \ Ml(B(e) X cL(e)], 

4e 

V>(y) := 1 for y G t/ e (a?) and (p B + P c l) ° 4>x(y) > -=-, 

5 

4e 

VKy) := Xx(y) for y G ?7 £ (x) and (p B + p cL ) o ^(y) < — . 

5 

We will show that on a neighborhood of any point x G X the function 
-0 coincides with a function from C°°(X). If y £ X \ a T 1 [i?(e) x cL(e)], 
or y G U £ (x) and (p_e + Pci) ° <j>x(y) > -if, then on a neighborhood of y the 
function ip coincides with the constant function 1 G C°°(X). Otherwise, on a 
neighborhood of y the function tp coincides with the function \x G C°°(X). 
The condition 1 in Definition 12.101 implies that ij) G C°°(X). 

Now let / := 1 — ip G C°°(X). This function has all the required proper- 
ties. □ 

Lemma 2.15. For every compact subset if C X and every neighborhood U 
of if there exists a function f G C°°(X) such that 

(1) / > on X; 

(2) / > on if ; 

(3) / = outside U . 

Proof. For each point x G if we take its open neighborhood U £ (x) in such 
a way that ?7 e (x) C U, and we take a function / x G C°°(X) described in 
Lemma l2.14l for U e (x). Next, we take an open neighborhood W £ (x) C U £ (x) 
of x such that f x \w s (x) > 3- Because if is compact, we can find a finite 
number of x±, . . . , x r in if such that 

^(HJU-U^W Dif. 

Now it is sufficient to set / = f Xl + • • • + f Xr - □ 
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Lemma 2.16. Let {Ui}i^i be a locally finite open covering of X. Then there 
exists a locally finite open covering {Vi}i^i (with the same index set) such 
that Vi CUi. 

Proof. The proof is standard. □ 

We are going to prove the existence of smooth partitions of unity, which 
is important for later applications, see Remark 14,31 Remark 15.51 

Proposition 2.17. Let {Ui}i^i be a locally finite open covering of X such 
that each Ui has a compact closure Ui. Then there exists a smooth partition 
of unity {/i}«e/ subordinate to {C/j}j e /. 

Proof. Let {Vi}j G j be the same covering as in Lemma 12.161 Let be 
an open covering such that Vi C W% C W{ C Ui. According to Lemma 12.151 
for every i € I there exists a function gi € C°°(X) such that 

(1) gt > on X; 

(2) 9i > on Vi; 

(3) g { = outside 

Because Vi C suppg^ C Ui for every i € I, the sum g = J2iei 9i ls wen 
defined and everywhere positive. Since our algebra C°°(X) is germ-defined, 
g belongs to C°°(X), and according to the partial invertibility property in 
Lemma [2.11l l/o G C°°(X). Consequently, defining /, = gi/g, we obtain the 
desired partition of unity. □ 

Corollary 2.18. Smooth functions on X separate points on X . 

Proof. Let x±,X2 £ I, ii / x%. We take an e-neighborhood U £ (x2) of X2 
such that x\ £ U e {x2). Then it suffices to take a function / from Lemma 
12.141 and we have f{x\) = and f(x 2 ) = 1. □ 

Example 2.19. 1. Assume that a stratified space X is embedded into a 
M n such that each stratum S of X is a submanifold in EL Then X has 
smooth structure C°°{X) defined by SC°°{X) := 5C°°(R n )| X satisfying 
our conditions in Definition 12 .101 Clearly by construction C°°{X) is a germ- 
defined C°°-ring, moreover the condition 2 in Definition 12.101 is trivially 
satisfied. Let us check the first condition. Since X reg is a submanifold in 
M n , any smooth function / with compact support on X reg can be extended 
to a function / £ C°°(lR n ) such that f\x re 9 = f, see e.g. [IS]. Clearly 
J*(/) = f\x ^ C°°(X). Thus C°°(X) is a smooth structure according to 
Definition [Uni 

2. Assume that G is a compact group acting on a differentiable manifold 
M. Denote by C°°(M) G the set of G-invariant smooth function on M. The 
orbit space M/G is known to be a stratified space, see e.g. [HI Example 
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1.8], [21, Satz 4.3.10]. The key ingredient is the existence of slices of tr- 
action. Let 7r : M — > M/G be the natural projection. Define by C°°(M/G) 
the subalgebra in C°(M/G) of functions / such that vr*/ G C°°(M) G - the 
algebra of all G-invariant smooth functions on M. We claim that C°°(M/G) 
is a smooth structure according to Definition 12.101 Clearly C°°(M/G) is 
a germ-defined C°°-ring. Now we show that C co (M/G) satisfies the first 
condition in Definition 12.101 Assume that / G C^°((M /G) reg ) has compact 
support. Then tt*(/) 6 C°°(-k~ 1 ({M /G) re9 )) has also compact support in 
the open set ^({M /G) re a) c M. Clearly j*(w*(f)) G C°°(M) G . This 
shows that j*(f) G C°°{m/G). It remains to show that C°°(M/G) also 
satisfies the second condition in Definition 12.101 i- e - C°°(M/G) locally is 
equivalent to a product smooth structure. This has been proved in [21, Satz 
4.3.10]. In fact, it has been proved by Mather, Bierstone and Schwarz that 
there is an embedding i : M/G -»• W 1 such that C°°{M/G) = i*(C°°(R n )), 
see [19] and [21] for discussion. Repeating the arguments in Example l2.19l we 
also conclude that C 00 {M/G) is a smooth structure according to Definition 
I2TTU1 

3. Assume that we have a continuous surjective map M — > X from a 
smooth manifold M with corner to a stratified space X such that for each 
stratum Si C X the triple (7r _1 (5j), 7Tj, Sj) is a differentiable fibration, more- 
over for each x G X reg the preimage 7r _1 (x) consists of a single point. The 
M-subalgebra C°°(A) := {/ G C (A)|vr*/ G C°°(M)} is called a resolvable 
smooth structure. We show that a resolvable smooth structure satisfies the 
conditions in Definition 12.101 Clearly C°°(X) is a germ-defined C°°-ring, 
since C°°(M) satisfies these property. Since 7ri 7r -i(x re s) i s a diffeomorphism, 
the second property in Definition 12.101 follows. Finally the existence of a 
local smooth trivialization <p x for each x G X is a consequence of the exis- 
tence of a differentiable fibration (7r _1 (S'j), 7Tj, Sj), see also Example 12.41 4. 
The space M is called a resolution of X. 

We say that C°°(M) is locally smoothly contractible, if for any x € M there 
exists an open neighborhood £7(cc) 9 x together with a smooth homotopy 
a : J7(x) x [0, 1] — > U(x) joining the identity map with the constant map 
U[x) i—)- x §5]. Let C°°(U(x) x [0, 1]) be the product smooth structure 
generated by C°°(U(x)) and C°°([0, 1]) [17, §3], see also Definition O 

Lemma 2.20. Every pseudomanifold X with edges has a resolvable smooth 
structure, which is locally smoothly contractible. 

Proof. Let X be obtained from a compact smooth manifold M with bound- 
ary dM, and ff : M — )■ X - the corresponding surjective map as in Ex- 
ample 12.41 Example 12.191 3 shows that X has a resolvable smooth struc- 
ture C°°(A) := {/ G C°(X)|7f*/ G C°°(M)}. We will show that C°°(X) 
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is locally smoothly contractible. Let Si be a singular stratum of X, and 
7f -1 (Si) = dMi C dM. Let V{dMi) be a collar open neighborhood of dMi 
in M. Then U(Si) := n(V(dMi)) is an open neighborhood of Si in X. Let 
us consider the following commutative diagram 



I x V(dMi) -— ^ V(dMi 

(Idxn) 

I x U(Si) U(Si) 

where F is a smooth retraction from V(dMi) to 9Mj, constructed using the 
fibration [0, 1) -> V(0Afi) -> 5Mj. We set 

F(t,x) := Tf- 1 ^))). 

Since F\q M . = Id, the map i* 1 is well-defined. Clearly F is a smooth homo- 
topy, since F is a smooth homotopy. This proves Proposition 12.201 □ 

Remark 2.21. A smooth structure on a stratified space X is called Eu- 
clidean, if for any point x there is a neighboorhood U of x together with 
a smooth embedding 4> x : U — > R n such that the image of U(x) is a 
cone with vertex <fi{x) = E W 1 . It is easy to see that an Euclidean 
smooth structure is locally smoothly contractible, cf. Remark 2.16.2 in 
|llj . The main reason we cannot prove the locally smooth contractibility 
of a smooth structure on a cone cL is that we do now whether the map 
cL x [0, 1] — > cL, ([x, t],r) i-> [x, t ■ r], is smooth at ([L, 0], r). 

Next we introduce the notion of the cotangent bundle of a stratified space 
X, which is identical with the notion we introduced in [TT] and similar to 
the notions introduced in |19| . |21} B.l]. Note that the germs of smooth 
functions C^°(X) is a local M-algebra with the unique maximal ideal m x 
consisting of functions vanishing at x. Set T*(X) := m x /m x . Since the 
following exact sequence 

(2.6) O^ra^C^^R^O 

split, where j is the evaluation map, j(f x ) = fx{x) for any f x € C£°, the 
space T*X can be identified with the space of Kahler differentials of C£°(X). 
The Kahler derivation d : C x yD (X) — > T*X is defined as follows: 

(2.7) d(f x ) = (f x -r 1 (f x (x))+ ml 

where j' 1 : R -> C~ is the left inverse of j, see e.g. [T2], Chapter 10], or 
[211 Proposition B.l. 2]. We call T*X the cotangent space of X at x. Its 
dual space T^X := Hom(T*X,~R) is called the Zariski tangent space of X 
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at x. The union T*X := L) x< zxT*X is called the cotangent bundle of X. The 
union U x ^xT x X is called the Zariski tangent bundle of X. 

Let us denote by 0*(X) the C~(X)-module C x yD (X)(g) R m x /m 2 x . We called 
nl(X) the germs of 1- forms at x. Set Q%(X) := C£°(X) ® R A fe (m x /m2). 
Then ©jfcQ!*(X) is an exterior algebra with the following wedge product 

(2.8) (f®Rdg!A- ■ -Adg k )A(f'(g) R dg k+l A- ■ -Ad gi ) = (/•/ / )®K d ^i A * ' '^ d 9u 

where /, /' G and d 5i G T*M. 

Note that the Kahler derivation d : C™(X) := n° x (X) -»■ fi^(X) ex- 
tends to the unique derivation d : Q X (X) Q k+1 (X) satisfying the Leibniz 
property. Namely we set 

d(/ ® l) = l ® df, 

d(/ ® a A 5 /3) = d(/ ® a) A g ® /3 + (-l) de 3«/ g, a A d( 5 ® 

Definition 2.22. (cf. [17, §2]) A section a : X -> A fc T*(X) is called 

a smooth differential k-form, if for each x G X there exists U(x) C X 

such that a{x) can be represented as Y^i i v -i fio^fh A • • • A d/j fc for some 
/',•••• • f>, - C°°(X). 

Denote by ft(X) = ® k n k (X) the space of all smooth differential forms 
on X. We identify the germ at x of a A:-form X)i *i—i fio^fh A • • • A dfi k 
with element X)i ii-i /«o ® ^/n A • • • A d/j fc G fi£(X). Clearly the Kahler 
derivation d extends to a map also denoted by d mapping S1(X) to f2(X), 

Remark 2.23. Let i*(Q(X)) be the restriction of Q(X) toX re9 . By Remark 
12.121 the kernel i* : Q(X) — > £l{X reg ) is zero. Roughly speaking, we can 
regard Vt(X) as a subspace in Q,{X re9 ). 

A C°°-ring C°°(X) is called finitely generated, if there are finite elements 
fit'" )/fe ^ C°°(X) such that any /i G C°°(X) can be written as h = 
G{fi, ■ ■ ■ , fk), where G G C°°(R k ). Using the notion of the cotangent space 
of a smooth stratified space X we will prove the following 

Proposition 2.24. A resolvable smooth structure on a stratified space X 
obtained from a smooth manifold M with corner is not finitely generated as a 
C°°-ring, if there exists x G X such that dim7r _1 (x) > 1, where 7T : M — > X 
is the associated projection. 

Proof. Assume the opposite i.e. C°° (X) is generated by g\ , •• ■ ,g n G C°°(X). 
Then G = (gi, ■ ■ ■ ,g n ) defines a smooth embedding X — > W 1 , so C°°(X) = 
C°°(M n )//, where I is an ideal of C°°(R n ) of smooth functions on W 1 van- 
ishing on G(X) [151 P- 21, Proposition 1.5]. In particular, the cotangent 
space T*X is a finite dimensional linear space for all x G X. We will show 
that this assertion leads to a contradiction. 
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Let S be a stratum of X such that dim(7r 1 (S)) > dim S + 1. Let x G 
S and U(x) a small open neighborhood of x in X. Let / G C°°(?7(x)), 
equivalents vr*(/) G C 0O (7r- 1 (C/'(x)). Let x : ^([/(a;)) -> M p + xR"-p c R n 
be a coordinate map on tt~ 1 (U(x)) C M. By definition (x _1 )*7T*(/) G 
C°°(U) for some open set £7 C R n containing %(7r (£/(:c))). Denote by £ 
the preimage \ '?r~ 1 (5 n U(x)), which is a submanifold of U(x). Let us 
denote the restriction of 7r o to £ by n. Then the triple (£, Tt,SC\U) is a 
smooth fibration, whose fiber 7f _1 (y) is a smooth manifold of dimension at 
least 1. We note that (x -1 )*7r*(/) belongs to the subalgebra C°°(U ',S,n) 
consisting of smooth functions on U which are constant along fiber 7f —1 (y) 
for all y G S fl U(x). Now we are going to describe the space m s for s £ S. 

Shrinking U (x) we can assume that S = UnR k and tt : S -> SnC/ is the 
restriction of a linear projection 7f : M fe — >• R', where / = dimS 1 , A; = dimS", 
and S 1 n 17 = M ? n U. Here we assume that U is an open set in R n . Let W l ~ k 
with coordinate x = (x 1 , • • • , x n ~ k ) be a complement to M. k in R n D C/, and 
let R k ~ l C R fc with coordinate y = {y 1 ,--- ,y k ~ l ) be the set 7f _1 (0). We 
also equip the subspace R' with coordinate z = (z 1 , - ■ ■ ,z l ). The condition 
dim7r~ 1 (x) > 1 in Proposition 12.201 is equivalent to the equality k — I > 1, 
in other words, y is an essential variable. Furthermore, a point s£Sc R n 
has (local) coordinates with x = 0. 

Lemma 2.25. A function g G C°°{U) belongs to C°°(U,S,tt) if and only if 
g has the form 

g(x l , ■■■ , x n ~ k ,y, z) = x l gi(x, y,z)-\ h x n ~ k g n - k (x, y, z) + c(z), 

where gi G C°°(U) and c(z) is a smooth function on U depending only on 
variable z. 

Proof. We write for g G C°°(U, S, n) 

, \ ,a ~ ~\ f ld g(tx,y,z) f 1 ^ dg(tx\--- ,tx n ~ k ,y,z) 

g(x,y,z)-g(0,y,z) = J o _ dt = | ^ x % dt. 

Setting 



1 dg(tx\--- ,tx n k ,y,z) 
Jo d(tx l ) 

we get g(x,y,z) = Ya=i x l gi{x, y, z) + g(0,y,z). Since g(0,y,z) depends 
only on z, we obtain the "only if part of Lemma 13.61 immediately. The "if 
part is trivial. This proves Lemma 13.61 □ 

Now let us complete the proof of Proposition 12 . 241 Take a point s G S and 
s G 7r _1 (s) such that x(s) = y(s) = z(s) = 0. By Lemma 13.61 the maximal 
ideal m s is a linear space generated by functions of the form x l gi a (x,y,z),i = 
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l,n — k. Let us consider the sequence S := {x 1 ^ 1 ,--- ,x 1 (y l ) m G tn s }, 
m — > oo. If dimT*X = dimm<(/m^ = n, there exists a subsequence 
x 1 (y 1 ) kl , ■ ■ ■ ,x 1 (y 1 ) kn such that x 1 (y 1 ) m is a linear combination of 
modulo rrig for any m, which is a contradiction. This completes the proof of 
Proposition [27241 □ 

Remark 2.26. Proposition 12 .241 answers question 2 we posed in (111 §5]. We 
observe that there are many quotient smooth structures which are finitely 
generated, i.e. a quotient by a smooth group action. In this case the dimen- 
sion of the fiber over singular strata (e.g. the dimension of a singular orbit) 
is smaller than or equal to the dimension of the generic fiber (the dimension 
of a generic orbit, respectively). 



3. SYMPLECTIC STRATIFIED SPACES AND COMPATIBLE POISSON SMOOTH 

STRUCTURES 

In this section we introduce the notion of a symplectic stratified space 
(X, u), see Definition [3TTJ We also introduce the notion of a smooth structure 
compatible with u), and the notion of a Poisson smooth structure on X, see 
Definition 13.21 We give (new) examples of symplectic stratified spaces with 
compatible (Poisson) smooth structures, see Examples 13.41 13.71 and Lemma 
13.81 We prove that the Brylinski-Poisson homology of a symplectic stratified 
space X with a compatible Poisson smooth structure is isomorphic to the 
de Rham cohomology of X, see Theorem 13.101 

Definition 3.1. (cf. |19} Definition 1.12.i]) A stratified space X is called 
symplectic, if every stratum Si is provided with a symplectic form Wj. The 
collection u := {ui} is called a stratified symplectic form, or simply a sym- 
plectic form if no misunderstanding can occur. 

Note that on each symplectic stratum (Si,u>i) there is a bivector G Ui 
which is a section of the bundle A 2 TSi such that G 0Ji (x) = dy\ A dx\ + • • • + 
dy n A dx n if Ui(x) = Y^j=i dx 3 A dy J [21 §1.1]. If we regard u)i as an element 
in EndiT Si,T* Si) and G tj j i as an element in End{T* Si,TSi), then G UJi is 
the inverse of Wj. The bivector G^ defines a Poisson bracket on C°°(Si) by 
setting {/,s>}^ := G m (df A dg). 

Definition 3.2. (cf. [IT, Remark 4.8]) Let (X,u>) be a symplectic stratified 
space and C°°{X) be a smooth structure on X. 

1. A smooth structure C°°{X) is said to be weakly symplectic, if there is a 
smooth 2-form Co € Q 2 (X) such that the restriction of Q to each stratum Si 
coincides with Wj. In this case we also say that to is compatible with C°°(X), 
and C°°(X) is compatible with u>. 
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2. A smooth structure C°°(X) is called Poisson, if there is a Poisson 
structure {, } w on C°°(X) such that {{f,g}u)\Si = {f\Sv9\Si)ui for an y stra- 
tum Si C X. 

Remark 3.3. 1. Using Remark 12,231 we observe that there exists at most 
one 2-form to € £1 2 {X) which is compatible with a given smooth structure 
C°°(X). 

2. The condition 2 in Definition 3.2 is equivalent to the existence of a 
smooth section G w of A 2 T Z (X), i.e. for any a € Q 2 (X) there exists a 
smooth function G UJ (a) G C°°(X) such that for any stratum Si C X we 
have 

(3-1) G u (a)\ Si = G Ui (a\s i ). 

Indeed, the existence a section satisfying f)3. 1 j) defines a Poisson struc- 
ture on C°°(X) by setting {f,g}(x) := G LU (df Adg)(x). Conversely, assume 
that there is a Poisson structure {, on C°°{X) whose restriction to each 
stratum Si coincides with the given Poisson structure on Si. We claim the 
map G u . defined by (|3.ip is a linear map G : fl k (X) -> fi fc_2 (X). Since 
the space of smooth differential forms is germ-defined, it suffices to show 
the above claim locally. Note that on some neighborhood U we can write 
a = fidgi A dhi, where fi, gi, hi € C°°(U). Since the smooth structure is 
Poisson, we get 

(3.2) G u (a) = GUfidgi A dh t ) = ^ fi{ 9i , hi} G C°°{U). 

i i 

This proves our claim. 

3. We claim that any linear map G w : £1 2 {X) — > C°°(X) defined by 
(|3.ip extends to a linear map also denoted by G w : Q k {X) -> 0*- x (X). 
First we will define this extension locally, then we will show that our linear 
map does not depend on a local representation of a differential form a. Let 
& = fodfi A • • • A fk(x) on an open set U. Then we set 

(3.3) 

GModfi A • • • A f k ) := Y, M-^Y +3+1 {fi, fj}dfi A • • -i ■ ■ -j- ■ ■ A df k . 

l<i<j<k 

Since the RHS of (|3.3p is an element of 0, k ~ 2 (U), element G w (a) belongs 
to Q k - 2 (U). Finally we note that if U C X re 3 then the map Gu restricted 
to Q. k {U) does not depend on a local representation of a € Q k (U). Using 
Remark [2331 we conclude that the map G^ : Q k (X) ->■ Q k ~ 2 (X) does not 
depend on a choice of local representative of a G Q, k ~ 2 (X). 

Example 3.4. We assume that a compact Lie group G acts on a symplectic 
manifold (M,oj) with proper moment map J : M — > g*. Let Z = J -1 (0). 
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The quotient space Mq = Z/G is called a symplectic reduction of M. If is 
a singular value of J then Z is not a manifold and Mq is called a singular 
symplectic reduction. It is known that Mq is a stratified symplectic space 
|19j . Let us recall the description of Mq by Sjamaar and Lerman. For a 
subgroup H of G denote by M/m the set of all points whose stabilizer is 
conjugate to H, the stratum of M of orbit type (H). 

Proposition 3.5. |191 Theorem 2.1] Let (M,uj) be a Hamiltonian G-space 
with moment map J : M — > q* . The intersection of the stratum Mrm of 
orbit type (H) with the zero level set Z of the moment map is a manifold, 
and the orbit space 



Consequently the stratification of M by orbit types induces a decomposition 
of the reduced space Mq = Z/G into a disjoint union of symplectic manifolds 



Since J is proper, by Theorem 5.9 in [19] the regular stratum M^ 9 is 
connected. Sjamaar and Lerman also defined a "canonical" smooth struc- 
ture on Mq as follows. Set G°°(Mo) ccm := C°°(M) G /I G , where I G is the 
ideal of G- invariant functions vanishing on Z [191 Example 1.11]. We will 
show that G°°(M ) can is also a smooth structure according to our Defi- 
nition [2TT01 Denote by it the natural projection Z — > Z/G. Denote by 
C°°{Z) the space of smooth functions on Z defined by the natural embed- 
ding of Z to M. Since Z is closed, C°°(Z) = C°°(M)/I Z , where I z is the 
ideal of smooth functions on M vanishing on Z. We claim that the space 
C°°(Z) G of G-invariant smooth functions on Z can be identified with the 



space C°°(Mo) C an = G°°(M) G /I G . Clearly C°°(M) G /I G is a subspace of 



G-invariant smooth functions on Z. On the other hand any smooth function 
/ on M can be modified to a G-invariant smooth function fa € G°°(M) by 



for a G-invariant measure \i g on G normalized by the condition vol{G) = 1. 
So if g € C°°(Z) G , then g is the restriction of a G-invariant function on M. 
In other words we have an injective map C°°(Z) G -> C°°(M) G /I G . Hence 
follows the identity G 00 (Z) G = G°°(Mo) C a„. It follows that G°°(Mo) C(m is 
the quotient of the smooth structure obtained from G°°(Z) via the projec- 
tion 7r : Z -)• M Q . In particular G°°(M ) can is a germ-defined G°°-ring, since 
G°°(Z) is a germ-defined G°°-ring. Now we show that G 00 (Mo) can satisfies 
the first and second condition in Definition ^. 101 We need the following local 




Mq = U H<G {Mq) {h) . 



setting 




18 HONG VAN LE, PETR SOMBERG AND JlRl VANZURA 

description of Mq together with a local description of "canonical" smooth 
functions on Mq. For any linear subspace N in a symplectic vector space 
(V,cj) denote by N w the linear subspace in V which is symplectic perpen- 
dicular to N. 

Theorem 3.6. [HI Theorem 5.1] Let x G Mq and p G 7r _1 (x) C Z. Let 
H be the stabilizer of p and V = T p (G ■ p)^ /T p {G ■ p) be the fiber at p 
of the symplectic normal bundle and uiy the symplectic form on V . Let 
$y : V — > h* be the moment map corresponding to the linear action of H. 
Let denote the image of the origin in the reduced space $^(0)/F. Th en 
a neighborhood U\ of x in Mq is isomorphic to a neighborhood U2 of in 
$y 1 (0)/-fT. More precisely there exists a homeomorphism <j> : U± — >■ U2 that 
induces the isomorphism <I>* : C°°{U2) —> C°°(Ui) of Poisson algebra. 

Furthermore Sjaamar and Lerman showed that the symplectic quotient 
^V^O)/-^ is stratified diffeomorphic to a product B x (0)/iJ, where W 
is the symplectic perpendicular of the subspace Vh of iif-fixed vectors in 
V, and &w is the corresponding i7-momentum map on W. Then quotient 
(j>w(0)/H is a cone [El (10)-(12)]. Since the smooth structure C°°(l7 2 ) is 
induced by these mappings, it follows that C 00 (Mo) can satisfies the second 
condition of Definition 12.101 The first condition in Definition 12.101 also holds 
for C°°(Mo) C an> since -K~ l (MQ eg ) is a submanifold in M, so any function 
7r*(/) € C y3 (7r~ 1 (MQ e9 )) extends to a smooth function / on G. Since G is 
compact, we can modify / to a G- invariant smooth function fc on M as 
above, so vr*(/) is a restriction of a function /q G C°°(M) . This proves 
that C7°°(Afo) can is also a smooth structure according to our definition. 

We note that, since the $^"(0) is a cone in M? n , the quotient $^ 1 (0)/i? 
with the induced quotient smooth structure is locally smoothly contractible. 
Thus C°°(Mq) can is locally smoothly contractible. 

The smooth structure C°°(M ) 

can is known to inherit the Poisson struc- 
ture from M, see [THJ Proposition 3.1]. We observe that C°°(Mo) C an is also 
weakly symplectic, since by Proposition 13.51 the pull back 7r*(a;o) is equal to 
the restriction of the symplectic form lj to Z. 

Example 3.7. Let us consider the closure of a nilpotent orbit in a complex 
semisimple Lie algebra q. For x G let x = x s + x n be the Jordan decom- 
position of x, where x n 7^ is a nilpotent element, X g IS 8i semisimple and 
[x s , x n ] = 0. Denote by G the adjoint group of q. The adjoint orbit G(x) is a 
fibration over G(x s ) whose fiber is ^c(x s )-orbit of x n , here Zq{x s ) denotes 
the centralizer of x s in G. Since G(x s ) is a closed orbit, a neighborhood 
U of a point x G G(x) is isomorphic to a product B x Zg(x s ) ■ x n , where 
B is an open neighborhood of x s in G(x s ). It is known that the closure 
Zg(x s ) ■ x n is a finite union of J?c7(xs)-orbits of nilpotent elements in the 
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Lie subalgebra Z g (x s ) chapter 6], so the closure G{x) is a finite union of 
adjoint orbits in g provided with the Kostant-Kirillov symplectic structure. 
Thus G(x) is a decomposed space, whose strata are symplectic manifolds. 
Moreover G[x) = G{x) is connected. 

1. Now assume that minimal nilpotent element in Z g {x s ). Then 
G(x) is a stratified symplectic space of depth 1, since Z G (x s ) ■ x n = Z G (x s ) ■ 
x n U {0}, [5, §4.3]. The embedding G[x) — > g provides G{x) with a natural 
finitely generated C°°-ring 

Cr(G{x)) := {/ e C°(G{x))\f = f m for some / € C7°°( )}. 

Moreover C%°(G(x)) satisfies the first condition of Definition l2.10l since G(x) 
is locally closed subset in fj. The second condition in Definition 12.101 also 
holds, since G(x) is a fibration over G(x s ) whose fiber is the cone Z G ^ Xa ^(x n ). 
Thus C]°{G(x)) is a smooth structure according to Definition 12.101 The 
smooth structure Cf°(G(x)) is Poisson, inherited from the Poisson structure 
on g. It is also compatible with the symplectic structure on G(x), since 
the symplectic structure on G(x) is the restriction of the smooth 2-form 
U} x (v, w) = (x, [v, w]) on q. Using the argument in Remark 12.21 1 we can show 
that Cf°(G(x)) is locally smoothly contractible. 

2. We still assume that x n is minimal in Z g (x s ). In [20] Lemma 2] Panyu- 
shev showed that G{x) possesses an algebraic resolution of the singularity 
at (x s ,0) € G(x) C 0. We will show that this resolution brings a resolv- 
able smooth structure Cq°(G(x)) which is compatible with u as follows. 
Let us recall the construction in [20J. Let h be a characteristic of x n (i.e. 
h € Z g (x s ) is a semisimple element and (h, x n , y n ) C Z g (x s ) is an s/2-triple). 
Let Z g (x s )(i) := {s G Z g (x s )\[h,s] = is}, n 2 (x s ) := ®i> 2 Z 3 (x s )(i), P(x s ) 
- a parabolic subgroup with the Lie algebra lP(x s ) := ®i>oZ g (x s )(i) and 
N- - the connected Lie subgroup of Zg{x s ) with Lie algebra lN-(x s ) := 
®i <0 Z g (x s )(i). It is known that P(x s ) ■ x n = n 2 (x s ) and Zz G(Xs) (x n ) C 
P(x s ). Hence there exists a natural map 

t Xs : Z G (x s ) *p( X3 ) n 2 (x s ) -> Z G (x s ) -x n ,g*n^ gn, 

which is a resolution of the singularity of the cone Zq(x s ) ■ x n . The res- 
olution of the G(x) is obtained by considering the fibration Zq{x s ) *p( Xs ) 
1*2(2^) F — >■ G(x s ). The map r extends to a map f : F — > G{x) as follows 

f(x s ,y) := r Xs (y), for y G Z G (x s ) * P ( Xs ) n 2 (x s ). 

The resolvable smooth structure C%°(G{x)) is defined by f, see Example 
12.191 3 , since the minimality of x n implies that the preimage t~ 1 (Z g (x s ) ■ x n \ 
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Z G (x s )-x n ) isaLagrangiansubmanifoldinZ G (j; s )*p( :I . 3 )n2(x s ) = T*(Zq{x s )/P{x s )), 

see [H §2], [20]. By Lemma [2J20] Cf (G{x)) is locally smoothly contractible. 

3. In addition now we assume that x s = 0. In this case it is shown in 
[2"U] that t*(cj) is a smooth 2-form on G *p n 2 . It follows that C^(G(x)) 
is compatible with the given symplectic structure on G(x). Panyushev also 
showed that t*(u) is symplectic if and only if x is even. (We refer the reader 
to [5] and [7] for a detailed description of nilpotent orbits.) Hence C|°(G(x)) 
is Poisson by the following Lemma 13.81 

Lemma 3.8. Assume that X is a stratified symplectic space with isolated 
conical singularities and (X,u;,ir : X — > X) a smooth resolution of X such 
that u is a symplectic form on X and tt* = oj^-itx^a)- If f or each 
singular point x G X the preimage 7r~ 1 (x) is a coisotropic submanifold in 
X, then the obtained resolvable smooth structure C°°{X) is Poisson. 

Proof. We define a Poisson bracket on C°°{X) by setting {g,f}ui(x) := 
{ir*g, 7T*f}u(x), for x G 7r _1 (x). We will show that this definition does not 
depend on the choice of a particular x. By definition {ir*g, TT*f}cj(x) '■= 
Guj(dTT* g,dir* f)(x). Since ir* f and ir*g are constant along the coisotropic 
submanifold tt^ 1 (x), we get G^{dTT*g, dn*f)(x) = 0. This proves Lemma 

Em □ 

Let us study the Brylinski-Poisson homology of a stratified symplectic 
space X equipped with a Poisson smooth structure. By Remark 12.231 the 
space i*(£l(X)) = £l(X) is a linear subspace in £l{X re9 ). Assume that 
C°°(M) is a Poisson smooth structure. 

We consider the canonical complex 

-»■ Q n+1 {X) A Q n (X) -> 

where 5 is a linear operator defined as follows. Let a G Q(X) and a = 
X^j /o^/i A dfp be a local representation of a as in Definition 12.221 Then we 
set (see [TO], [2]): 

n 

<5(/o#l A ■ ■ ■ A d/ n ) = ^(-l) i+1 {/o, /i}«4fi A-A$A-A(l/ n 
i=l 

+ (-l) i+j fo d {fhfj}" Arf/l A--- A^A- Adfr A--- Ad/ n . 

l<i<j'<n 

Lemma 3.9. T/ie boundary operator 5 fulfills 

1.5 = i[G w ) o d — do i(G U! ). In particular, 5 is well-defined. 

2. 5 2 = 0. 
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Proof. 1. The first assertion of Lemma 13.91 has been proved for any smooth 
Poisson manifold M by Brylinski, [2j Lemma 1.2.1]. Since we also have 
= G w {df A dg) on X reg , using the fact that Q(X reg ) D i*(Q(X)) = 
Cl(X), taking into account Remark 13.31 we obtain the first assertion. 

2. To prove the second assertion we note that 5 2 (a)(x) = at all x G X reg , 
since 6 is local operator by the first assertion. Hence S 2 (a)(x) = for all 
x G X. □ 

In general it is very difficult to compute the Brylinski-Poisson homology 
of a Poisson manifold M unless it is a symplectic manifold. The following 
theorem shows that the isomorphism between the Poisson homology and 
the de Rham homology on smooth stratified symplectic space X is a con- 
sequence of the compatibility of the Poisson smooth structure C°°(X) with 
uj. The following Theorem 13.101 generalizes Corollary 4.1] for the case 
of symplectic pseudomanifolds X with isolated conical singularities. 

Theorem 3.10. Suppose (X 2n ,ui) is a stratified symplectic space equipped 
with a Poisson smooth structure C°°(X 2n ), which is compatible with the 
symplectic form cj. Then the Brylinski-Poisson homology of the complex 
({l(X 2n ),8) is isomorphic to the de Rham cohomology of X 2n with inverse 
grading : H k {Q(X 2n ),5) = H 2n ~ k (n(X 2n ),d). If the smooth structure 
C°°(X 2n ) is locally smoothly contractible, H^{^l{X 2n ) : 5) is equal to the sin- 
gular cohomology H 2n ~ k (X 2n ,M). 

Before the proof of Theorem 13. 101 we recall the definition of the symplectic 
star operator 

* w : A p (M. 2n ) -»■ A 2n ' p (M. 2n ) 
which satisfies the following condition 

ft A * UJ a = G k (/3,a)vol, 

where vol = oj n /n\. Now let us consider a stratified symplectic space 
(X 2u ,uj) with a Poisson smooth structure C°°(X 2n ). The operator * w : 
A_PT*X reg -». A 2n -PT*X re 3 extends to a linear operator * u : W{X re 9) -> 
n 2n- P ( X regy By R em ark[2j2]tlie space QP(X 2n ) ^i*(Q(X 2n )) C fF(X re s). 
In particular, we have * u {i*{QP(X 2n ))) C n 2n ~P(X re 9). 

Proposition 3.11. If uj is compatible with a Poisson smooth structure 
C°°(X 2n ), then * w (f*(ft fc (X 2n ))) = i*(n 2n - k (X 2n )). 

Proof. We set n A (X 2n ) := {7 G n(X 2n )\ * w i*( 7 ) G i*{n(X 2n ))}. To prove 
Proposition [3JT] it suffices to show that n A (X 2n ) = n(X 2n ). Note that 
the C°°(X 2n )-module Q 2n (X 2n ) is generated by uj n since uj n is smooth with 
respect to C°°(X 2n ) and C°°(X re 9 )-module Q 2n (X re 9) is generated by oo n . 
Furthermore, * u (i* f) = i*(f)i*(ui n ) for any / G C°°(X 2n ). This proves 
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* w (i*(C°°(X 2n ))) = i*(Q 2n (X 2n )). In particular Q°(X 2n ) C Q A {X 2n ), and 

n 2n (x 2n ) c n A (x 2n ). 

Lemma 3.12. We have 

* u {e{n A {x 2n ))) = i*{n A {x 2n )). 

Proof. Let 7 G Q A (X 2n ). By definition * w (i*7) = (3 G i*(ft(X 2n )). Using 
the identity * 2 = Iff, see [2] Lemma 2.1.2], we get * 0J f3 = z*7. It follows that 
(3 G i*(fi A (^ 2n ))- This proves * u {i*{Vl A {X 2n ))) C i*(0 A (X 2n )). Taking 
into account * 2 = /<i, this proves Lemma 13.121 □ 

Lemma 3.13. £l A (X 2n ) has the following properties: 

1. n A (X 2n ) is a C°°(X 2n ) -module. 

2. d(n A (x 2n )) c n A (x 2n ). 

Proof. 1. The first assertion of Lemma l3. 13l follows from the identity * u (i*(f(x)- 
cf)(x))) = i*(f(x)) • * u i*(<f>(x)) for any / G C°°(X 2n ), and <f> G n(X 2n ) and 
the fact that n(X 2n ) is a C°°(X 2n )-module. 

2. To prove the second assertion of Lemma 13.131 it suffices to show that 
for any 7 G n A (X 2n ) we have * u (i*(drf)) G i*{9.{X 2n )). Using Lemma EH] 
we can write i*( 7 ) = * W/ S for some /3 G i*(n A (X 2n )). Since /3 G n(X re 9), 
we can apply the identity 5(3 = (— i) de 9P+ 1 * w [2, Theorem 2.2.1], which 
implies 

* w i*((d7)) = *.(3 = {-l)^ +x S{fi) G f(0(X 2 ")), 

since i* o 5 = 5 o i*. Hence (d'y) G Q. A (X 2n ). This proves the second 
assertion. □ 



Let us complete the proof of Proposition ^. Ill Since £l l {X 2n ) is a C 00 '(X 2n )- 
module, whose generators are differentials df ', / G ^(J 2 "), using Lemma 
[3TT31 we obtain that n 1 (X 2n ) C Q. A {X 2n ). Inductively, we observe that 
Q k (X 2n ) is a C°°(X 2n )-module whose generators are the k-forms dcj){x), 
where </>{x) G ft^X 2 ™). ByLemmaEH Q k (X 2n ) C A (X 2n ) if O^X 2 ™) C 
Q A (X 2n ). This completes the proof of Proposition 13. 1 H □ 

Proof of Theorem \3.1(A By Proposition 13.111 the equality 
(3.4) 60 = (-l)*^ 1 * w d* u 

holds also for fi(X 2n ), since it holds for tt(X re 9) (2] Theorem 2.1.1]. Clearly 
the first assertion of Theorem 13.101 follows immediately from f)3.4f) . 

The second assertion of Theorem 13.101 follows from |17} Theorem 5.2]. 
This completes the proof of Theorem 13.101 □ 
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4. The existence of Hamiltonian flows 

In this section we prove the existence and uniqueness of a Hamiltonian 
flow associated with a smooth function H on a symplectic stratified space X 
equipped with a Poisson smooth structure, see Theorem 14,21 This Theorem 
generalizes a result by Sjamaar and Lerman in [19, §3], see also Remark 14.31 

Let (X,u) be a stratified symplectic space and C°°(X) a Poisson smooth 
structure on X. 

Lemma 4.1. For any H G C°°(X) the associated Hamiltonian vector field 
Xh defined on X by setting 

X H (f) := {H, f} u for any f G C°°(X) 

is a smooth Zariski vector field on X. If x is a point in a stratum S, then 

X H (x)eT x S. 

Proof. By definition of a Poisson structure, the function Xjj(f) is smooth 
for all / G C°°(X). Hence Xh is a smooth Zariski vector field. This proves 
the first assertion of Lemma 14.11 To prove the second assertion it suffices 
to show that, if the restriction of a function / G C°°(X) to a neighborhood 
Us(x) C S of a point x G S is zero, then Xh(/)(x) = 0. The last identity 
holds, since Xjj(f)(x) is equal to the Poisson bracket of the restriction of 
H and / to S. This completes the proof. □ 

The following theorem generalizes a result by Sjamaar and Lerman |19|, 
§3]. 

Theorem 4.2. Given a Hamiltonian function H G C°°(X) and a point 
x G X there exists a unique smooth curve 7 : (— e, e) — > X such that for any 
f G C°°{X) we have 

The decomposition of X into strata of equal dimension can be defined by the 
Poisson algebra of smooth functions. 

Proof. For x G S we define j(t) to be the Hamiltonian flow on S defined by 
Xh, which is by Lemma 14.11 a smooth vector field on S. This proves the 
existence of the required Hamiltonian flow. Now let us prove the uniqueness 
of the Hamiltonian flow using Sjamaar's and Lerman's argument in \19\ §3]. 
Denote by <J?t the Hamiltonian flow whose existence we just proved. Clearly 
for any x G X and a compact neighborhood U(x) of x G X there exists 
e > such that 3>t(x') is defined for all t < e and for all x' G U(x). Let 
x G X and 7(f), t G (— £i,£i) be an integral curve of Xh with 70(0) = x. 
We will show that $4 (7(2)) = xq for all < t < min(e, £1). By Corollary 
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12.181 2 smooth functions on X separate points. Therefore it suffices to show 
that for all t < min(£, ei) and for all / G C co {X) we have 

(4-1) /(**(-*(*))) = /(*). 

Now we compute 

|/(«t(7(*))) = {HJU7(t)) + {f,H}Mt)) = 0, 

which implies (|4.ip . This completes the proof of the uniqueness of the Hamil- 
tonian flow. 

The last assertion of Theorem 14.21 follows from the inclusion Xjj(x) € S, 
if x G S. □ 

Remark 4.3. In |19^ §3] Sjamaar and Lerman used a slightly different 
method for their proof of the existence and uniqueness of a Hamiltonian 
flow on singular symplectic reduced space (M 2n ,uj)//G. For the existence 
of a Hamiltonian flow they looked at the corresponding Hamiltonian flow 
on M and showed that this flow descends to a Hamiltonian flow on the 
reduced space. For the uniqueness of the flow they also used the existence 
of a partition of unity, which is much easier to prove in their case using 
global action of G on (M 2n ,uj). 

5. A LEFTSCHETZ DECOMPOSITION ON A COMPACT STRATIFIED 

SYMPLECTIC SPACE 

In this section we show that a stratified symplectic space (X, oS) provided 
with a Poisson smooth structure C°°(X) compatible with uj enjoys many 
properties related to the existence of a Leftschetz decomposition on (X,u>), 
see Lemma 15. 11 Proposition 15.21 Theorem 15.41 

The notion of a Leftschetz decomposition on a symplectic manifold (M 2n ,co) 
has been introduced by Yan in [22 j . where he gives an alternative proof the 
Mathieu theorem on harmonic cohomology classes of (M 2n ,uj) using the 
Leftschetz decomposition. His proof is considerably simpler than the earlier 
proof by Mathieu in p3]. Roughly speaking, a Leftschetz decomposition on 
a symplectic manifold (M 2n ,u) is an s/2-module -structure of £2(M 2n ). The 
Lie algebra sl% acting on il(M 2n ) is generated by linear operators L,L*,A 
defined as follows. L is the wedge multiplication by u, L* := i(G u ), and 
A = [L*,L]. Now assume that (X 2n ,u) is a stratified symplectic space pro- 
vided with a Poisson smooth structure C°°(X 2n ), which is compatible with 
uj. By Proposition 13.111 Q(X 2n ) is stable under L,L*. Using the inclusion 
n (X re 9) C i*(Q(X 2n )) C Q(X re 9), we get 

Lemma 5.1. The space Q(X 2n ) is an sli-vnodule, where 5I2 is the Lie al- 
gebra generated by (L,L*,A = [L,L*]). 
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For any k > set 

V n - k {X 2n ) := {a G n n ~ k (X 2n )\ L k+1 u = 0}. 
Elements of "P n _fc(X 2n ) are called primitive elements. 

Proposition 5.2. We have the following decomposition for k > 

(5.1) n n ~ k (x 2n ) = v n - k (x 2n ) © L{v n - k - 2 (x 2n )) © • • • 

(5.2) n n+k (X 2n ) = L k {V n ^ k (X 2n )) © L k+ \V n ^ 2 {X 2n )) © • • • 

Proof. Using the analogous decomposition for Q,{X re9 ) |2'2[ Corollary 2.6] 
we decompose each element i*(a) G i*(Q n ~ k (X 2n )) as 

(5.3) i*(a) = a"- fc + L(ap~ fc ~ 2 ) + ■ ■ • + ^("-W^n-fc^Kn-fc)/^ 
and each 6 i*(ft n+fc (^ 2n )) as 

(5.4) i*(/3) = L fc (/3"- fc ) + L fc+1 (/3;- fc " 2 ) + • • • , 

where a l p ,/3p are primitive elements of fT(X re9 ) and Q?(X re9 ) respectively. 
To prove Proposition 15.21 it suffices to show that a p , (3p are elements in 
i*(Q(X 2n )). Now let us consider the decomposition of i*(a) G f2 n ~ fc (X res ). 
We will show that all terms can be obtained from i* (a) inductively. First 
we assume that n - k = 2q, hence a° G C7°°(X re »). Applying to the both 
sides of (15. 3j) the operator L n ~ 9 we get 

L n ~V(a)) = w n • a° p G i*(f} 2n (X 2n )). 

By Proposition EH a° p G i*(C°°(X 2n )). 

Now let us assume that n — k = 2q + 1 . In the same way we have 

(5.5) L n - q -\e{a)) = lo* 1 - 1 • oj G i*(n 2n - 1 (A' 2n )). 
Lemma 5.3. i. For any 7 G f2 fc (X re9 ) w;e have 

[L r , L*] 7 = (r(ife - n) + r(r - l))!/" 1 . 

£. 1/7 is a primitive element in Q, n ~ k (X re9 ), then there exists a non-zero 
constant c n ^ such that 7 = c n ^ ■ (L*) k o (L k j). 

Proof. The first assertion of Lemma 15.31 for r = 1 is well-known, see \22\ 
Corollary 1.6]. For r > 2 we use the following formula 

[L r ,L*] =L[L r - 1 ,L*] + [L,L*]L r - 1 , 
which leads to the first assertion of Lemma 15.31 by induction. 
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2. It is known that 7 £ Q k (X re9 ) is primitive, if and only if L*(j) = 
[221 Corollary 2.6]. Using this we get the second assertion of Lemma 15.31 by 
applying the first assertion recursively. □ 

Now let us continue the proof of Proposition 15.21 By Lemma 15.31 and 
by (15. 5j) the term a x p can be obtained from L n ~ p ~ 1 (i* (a)) by applying the 
operator c n ,i • (L*) n ~ l . Clearly a* £ i*(Q(X 2n )). 

Repeating this procedure, we get all terms at, which by Lemma [53] be- 
longs to i*(Q(X 2n )). In the same ways we prove that all terms ftp are 
elements of i*(Q(X 2n )). This completes the proof of Proposition 15.21 □ 

Since [L,d] = holds on Q(X re °) and i*(n(X 2n )) is stable under the ac- 
tion of d and L, the equality [L,d] = also holds on Q(X 2n ). In particular, 
the wedge product with [u k ] maps H n - k (Q(X 2n ), d) to H n+k (n(X 2n ), d). A 
stratified symplectic space (X 2ti ,lo) equipped with a Poisson smooth struc- 
ture C°°(X 2m ) is said to satisfy the hard Lefschetz condition, if the cup 
product 

[u k ] : H n - k (n(x 2n ),d) -> H n+k (n(X 2n ),d) 
is surjective for any k < n = ^diva.X 2n . A differential form a £ £~l(X 2n ) 
is called harmonic, if da = = <5<x Let us abbreviate H*(Q(X 2n ),d) by 

Theorem 5.4. Lei (X 2n ,w) 6e a stratified symplectic space and C°°(X 2n ) 
Poisson smooth structure which is also compatible with oj. Then the following 
two assertions are equivalent: 

(1) Any cohomology class in H^ R (X 2n ) contains a harmonic cocycle. 

(2) (X 2n ,uj) satisfies the hard Lefschetz condition. 

Proof. The proof of Theorem 15.41 for smooth symplectic manifold by Yan in 
|22[ Theorem 0.1] can be repeated word-by- word. For the convenience of 
the reader we outline a proof here. Denote by H^ r (X 2n ) the space of all 
harmonic /c-forms on (X 2n ,u), and let H^ r = (B 2 '= H' l hr (X 2n ) . 

Now let us prove that the assertion (1) of Theorem 13. 101 implies the as- 
sertion (2) of Theorem 13. lUt We consider the following diagram 

H^ k (X 2n ) Hl+ k {X 2n ) 

H n-k ix 2 n) ^ H n+k {x 2ny 

Let us recall that i : X reg — > X 2n is the canonical inclusion. Since [L, 5] = 
—d |22[ Lemma 1.2], which can be easily proved for (X 2n ,uj) satisfying the 
condition of Theorem 15.41 Proposition 15.21 implies that L k : H?~ k {X 2n ) — > 
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(X 2n ) is an isomorphism. Since the vertical arrows in the diagram are 
surjective, we conclude that the second horizontal arrow in the diagram is 
also surjective. This proves (1) => (2). 

Now let us prove that (2) ==> (1). Note that the condition (2) implies 
that [22, §3] 

H n dR k {X 2n )=ImL + P n ^ 

where P n _ fc := {a G H^ k (X 2n )\ L k+1 a = G H r J+ k+2 (X 2n )} . 

Using induction argument, it suffices to prove that in each primitive 
cohomology class v G P n -k there is a harmonic cocycle. Let v = [z], 
z G Q n - k (X 2n ). Since v is primitive we have [zAu k+1 ] = G H™+ k+2 (X 2n ). 
Hence, z A u> k+1 = dj for some 7 G VL n+k+1 \X 2n ) . By Proposition 15.21 
the operator L k+1 : f2 n ~ fe-1 (X 2n ) — s- Q, n+k+l (X 2n ) is onto, consequently 
there exists 6 G Q m - k ~ 1 {X 2n ) such that 7 = 6 A u k+1 . It follows that 
(z — dO) A uj k+l = 0. Therefore w = z — d6 is primitive and closed. Since 
[L*,d] = 5 [221 Corollary 1.3], we get 5w = 0. This completes the proof of 
Theorem EJl 

□ 

Remark 5.5. 1. If C°°(X 2n ) is locally smoothly contractible, by [17, The- 
orem 5.2] the de Rham cohomology H*(Q(X 2n ), d) coincides with the sin- 
gular cohomology H*(M, R)), since X 2n admits smooth partitions of unity, 
see Proposition 12.171 

2. In [3l Proposition 5.4] Cavalcanti proved that the hard Lefschetz prop- 
erty on a compact symplectic manifold implies Im 5 D ker d = Im d n Im 5, 
see also [16]. His theorem can be proved word-by- word for stratified sym- 
plectic manifolds equipped with a Poisson smooth structure, since the main 
ingredient of the proof is Proposition 15.21 
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